This paper investigates the minimization problem of weighted roundoff noise and pole sensitivity subject to 2 -scaling constraints for state-space digital filters. A new measure for evaluating roundoff noise and pole sensitivity is proposed, and an efficient technique for minimizing this measure is developed. It is shown that the problem can be converted into an unconstrained optimization problem by using linear-algebraic techniques. The unconstrained optimization problem at hand is then solved iteratively by employing an efficient quasiNewton algorithm with closed-form formulas for key gradient evaluation. Finally a numerical example is presented to demonstrate the validity and effectiveness of the proposed technique.
INTRODUCTION
In fixed-point IIR digital filters, roundoff noise occurs due to finite-precision nature of computer arithmetic and in turn degrades the filters' performance. It is well known that the roundoff noise is critically dependent on the internal structure of an IIR digital filter, and several techniques for synthesizing a state-space filter structure that minimizes the roundoff noise at the filter output subject to 2 -scaling constraints have been explored by appropriately choosing a linear transformation to state-space coordinates [1] - [4] . When implementing a statespace model, the coefficients must be truncated or rounded to fit the finite-word-length (FWL) constraints. This coefficient quantization usually changes the characteristics of the filter. For instance, it may alter a stable filter to unstable one. This motivates the study of minimizing coefficients sensitivity. There exist several ways to define sensitivity of a filter with respect to its realization coefficients. Two of them rely on a mixed 1 / 2 norm or a pure 2 norm that measures changes of a certain transfer function, while the other is defined in terms of the poles and zeros of a filter. Several techniques for minimizing the 1 / 2 -sensitivity measure [5] - [9] and the 2 -sensitivity measure [10] - [13] have been proposed. Alternatively, the pole and zero sensitivity of a filter with respect to state-space parameters has been analyzed, and its reduction or minimization have been considered [14] , [15] . It has been stated in [14] that the sensitivities of poles and zeros of a transfer function with respect to the variations in coefficients of a state-space model (due to FWL) are closely related to the sensitivity characteristics of its frequency transfer function, and that minimal pole sensitivity is achieved when matrix is normal.
In this paper, the problem of minimizing weighted roundoff noise and pole sensitivity subject to 2 -scaling constraints for state-space digital filters is investigated.
PROBLEM FORMULATION
Consider a stable, controllable and observable state-space digital filter ( , , ) of order described by
where ( ) is an × 1 state-variable vector, ( ) is a scalar input, ( ) is a scalar output, and , and are real constant matrices of appropriate dimensions.
A. Roundoff Noise Analysis
By taking the quantizations performed before matrixvector multiplication into account, an FWL implementation of the filter in (1) can be obtained as [14] (
The matrices , , and in (2) 
where
It is assumed that the roundoff error ( ) can be modeled as a zero-mean noise process with covariance
2
. By taking the -transform on both sides of (3) and setting Δ (0) = 0, we have
where Δ ( ) and ( ) stand for the -transforms of Δ ( ) and ( ), respectively. Next, the normalized noise gain = 2 / 2 is defined as
Substituting (4) into (5) yields
where is the observability Gramian of the digital filter in (1) that can be obtained by solving the Lyapunov equation
Applying a coordinate transformation defined by
to the digital filter in (1), a different yet equivalent state-space realization of (1), ( , , ) , can be characterized by
With an equivalent state-space realization as specified in (9), the normalized noise gain in (6) is changed to
where denotes the observability Gramian for an equivalent state-space realization as specified in (9) .
B. Pole Sensitivity Analysis
The transfer function of the digital filter in (1) can be expressed as
Suppose that the poles { } of ( ) are denoted by { } = ( ). Moreover, let ( ) be a right eigenvector corresponding to and let ( ) be the reciprocal left eigenvector that corresponds to ( ). Then, assuming that has a full set of linearly independent eigenvectors, it follows that [15] (
Using the Frobenius norm for an × complex matrix defined by
the pole sensitivity measure for the digital filter in (1) is defined as [15] 
By virtue of
and using (12) , the pole sensitivity measure in (14) is written as
With an equivalent state-space realization as specified in (9), the right eigenvector ( ) corresponding to and the reciprocal left eigenvector ( ) corresponding to ( ) are changed to
respectively, for = 1, 2, ⋅ ⋅ ⋅ , . Thus, referring to (16), the pole sensitivity measure ( ) for an equivalent state-space realization can be expressed as
) .
(18) It is known that an inequality ( ) ≥ are always satisfied for any × nonsingular matrix [15] .
Remark 1 [14] , [15] : It is noted that zero sensitivity for the digital filter in (1) can be examined in the case where a direct path from the input to the output in (1) exists.
C. Problem Statement
It should be noted that the 2 -scaling constraints on the state-variable vector ( ) involve the controllability Gramian of the digital filter in (1), which can be computed by solving the Lyapunov equation
In order to suppress overflow oscillations, 2 -scaling constraints are imposed on the state-variable vector ( ) so that
where indicates the controllability Gramian for an equivalent state-space realization as specified in (9) .
In this paper, we consider a weighted roundoff noise and pole sensitivity measure ( ) defined by
where 0 ≤ ≤ 1 is a weighting factor. It is evident that a ( ) with a greater represents a measure that places more ) emphasis on pole sensitivity while a ( ) with a smaller serves as a measure that weights more heavily on roundoff noise. In addition, by setting to unity or zero ( ) becomes ( ) or ( ), respectively. The problem being considered here is to design the optimal coordinate transformation matrix that minimize (21) subject to 2 -scaling constraints in (20) where 0 ≤ ≤ 1 is a weighting factor specified by the designer.
Remark 2 [10] : It is noted that an 2 -sensitivity measure for the equivalent state-space realization ( , , ) in (9) can be evaluated by
where matrix is obtained by solving the Lyapunov equation
WEIGHTED ROUNDOFF NOISE AND POLE SENSITIVITY MINIMIZATION
In this section, we definê
which leads (20) to
It is obvious that the conditions in (24) are always satisfied by choosing matrixˆ−
By defining an 2 × 1 vector = ( 1 , 2 , ⋅ ⋅ ⋅ , ) , the normalized noise gain ( ) in (10) can be expressed as
Moreover, the pole sensitivity measure ( ) in (18) can be written as
whereˆ(
In this way, the original constrained optimization problem can be converted into an unconstrained optimization problem of obtaining an 2 × 1 vector which minimizes
Applying a quasi-Newton algorithm to minimize ( ) in (28), in the th iteration the most recent point is updated to point +1 as [16] 
where =− ∇ ( ), = min ( + )
In the above, ∇ ( ) is the gradient of ( ) with respect to , and is a positive-definite approximation of the inverse Hessian matrix of ( ). The above algorithm starts with a trivial initial point 0 obtained from an initial assignment −1 = , and this iteration process continues until
is satisfied where > 0 is a prescribed tolerance. The gradient of ( ) can be evaluated using closed-form expressions as
whereˆis the matrix obtained fromˆwith a perturbed ( , )th component, it follows that [17, p. 655]
and Then, the normalized noise gain in (10) subject to 2 -scaling constraints: ( ) = 1 for = 1, 2, ⋅ ⋅ ⋅ , was found to be
Moreover, the 2 -sensitivity measure in (22) was computed as
Next, the eigenvalues of matrix were found to be = 0.931900 ± 0.136363, 0.862967 ± 0.052305.
The original pole sensitivity measures in (16) and (18) The profile of ( ) during the first 67 iterations of the algorithm is depicted in Fig. 1 . From this figure it is observed that the weighted roundoff noise and pole sensitivity for a state-space digital filter were drastically reduced subject to 2 -scaling constraints. In this case, the coefficient matrices which implies that matrix is practically normal. Moreover, the controllability Gramian satisfies 2 -scaling constraints. For reference, the 2 -sensitivity measure in (22) was computed as 2 ( , , ) = 45.179954. This reveals that minimization of weighted roundoff noise and pole sensitivity subject to 2 -scaling constraints also reduce the 2 -sensitivity for a state-space digital filter considerably.
The whole numerical results of the roundoff noise measure ( ) in (10), the pole sensitivity measure ( ) in (18), ( ) + ( ), and the objective function ( ) in (21) are summarized in Table 1 . 
CONCLUSION
The problem of minimizing a weighted roundoff noise and pole sensitivity measure subject to 2 -scaling constraints for state-space filters has been investigated. An efficient iterative technique for minimizing a weighted roundoff noise and pole sensitivity measure subject to 2 -scaling constraints has been developed by employing a quasi-Newton algorithm. Computer simulation results have demonstrated the validity and effectiveness of the proposed technique.
